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We propose to unify two a priori distinct aspects of black hole physics : their thermodynamics, and
their effective dynamics when they are “skeletonized” as point particles (a useful procedure when
tackling, for example, their motion in a coalescing binary system). For that purpose, the Einstein-
Maxwell-dilaton (EMD) theory, which contains simple examples of asympotically flat, hairy black
hole solutions, will serve as a laboratory. We will find that, when reducing a black hole to a point
particle endowed with its specific, scalar-field-sensitive, effective mass, one in fact describes a black
hole satisfying the first law of thermodynamics, such that its global charges, and hence its entropy,
remain constant. This shows that the integration constant entering the scalar-field dependent mass
is its entropy.
I. INTRODUCTION
Thermodynamics has proven to be a powerful tool to give a physical interpretation of the integration constants
characterizing a black hole spacetime, in introducing its extensive parameters (global charges and entropy) and its
intensive ones defined on the horizon (temperature, electric potential, etc.). The first law then tells us how a black
hole readjusts its equilibrium configuration when interacting with its environment.
On the other hand, the dynamics of interacting (non rotating) compact objects often relies on their “skeletoniza-
tion”, that is, on reducing them to effective point particles endowed with a constant “mass” parameter. In the case
of a general relativistic Schwarzschild black hole, the interpretation of this parameter is straightforward as it cannot
be anything else than its Schwarzschild mass.
Consider now Einstein-Maxwell-dilaton theories, which consist in supplementing general relativity with a scalar
field and a (non-minimally coupled) vector field. Such theories allow for the existence of hairy black hole solutions.
Their reduction to point particles was recently performed in [1] and involves a scalar-field-sensitive mass m(ϕ) “a` la”
Eardley [2]. The explicit calculation of this black hole “sensitivity” includes a constant parameter µ which identifies
to the Schwarzschild mass when the hairs are cut off.
In this paper, we will show that this constant µ can be defined as a function of the entropy of the black hole alone.
This can be understood thus: m(ϕ) was chosen not to depend on the gradients of the fields, in particular, on their
time derivatives, so that the black hole is moving adiabatically in the fields of its companion; this will imply that it
satisfies the first law of thermodynamics; moreover, the specific form of m(ϕ) will impose that it exchanges no mass
nor charge with its environment. Therefore, its entropy will remain constant and hence, can be related to µ.
II. EMD BLACK HOLES AND THEIR THERMODYNAMICS
The vacuum Einstein-Maxwell-dilaton action of gravity is taken to be, see [3–5]:
16pi I[gµν , Aµ, ϕ] =
ˆ
d4x
√−g (R− 2gµν∂µϕ∂νϕ− e−2aϕF 2) , (II.1)
where g is the determinant of the metric gµν , R is the Ricci scalar, where Fµν = ∂µAν − ∂νAµ with F 2 = FµνFµν ,
and where a parametrizes the theory.
2The field equations derived from the action (II.1) are :
Rµν = 2∂µϕ∂νϕ+ 2e
−2aϕ
(
F λµ Fνλ −
1
4
gµνF
2
)
, (II.2a)
Dµ
(
e−2aϕFµν
)
= 0 , (II.2b)
ϕ = −a
2
e−2aϕF 2 , (II.2c)
where Dµ is the covariant derivative associated to gµν and  = DµD
µ.
The “electrically” charged, static, spherically symmetric black hole solutions of the equations above were found in
[3–5], and read, with dΩ2 ≡ dθ2 + sin2 θ dφ2,
ds2 = −
(
1− r+
r
)(
1− r−
r
) 1−a2
1+a2
dt2 +
(
1− r+
r
)−1 (
1− r−
r
)− 1−a2
1+a2
dr2 + r2
(
1− r−
r
) 2a2
1+a2
dΩ2 , (II.3)
At = −
√
r+r−
1 + a2
eaϕ∞
r
, Ai = 0 , ϕ = ϕ∞ +
a
1 + a2
ln
(
1− r−
r
)
,
where an irrelevant sign was chosen in the definition of At. This family of solutions depends on three integration
constants : the radius r+ of the horizon, the location r− of the curvature singularity and the asymptotic value ϕ∞ of
the scalar field which, being associated to no diffeomorphism nor gauge invariance, cannot be set equal to zero and
must be identified to the local, adiabiatically varying, value of the scalar field created by the environment, e.g., a
faraway companion.
The first law of thermodynamics obeyed by these black holes is found in the standard way :
Their temperature T is defined as
T ≡ κ
2pi
=
1
4pir+
(
1− r−
r+
) 1−a2
1+a2
, (II.4)
where κ is their surface gravity, with κ2 = − 12 (∇µξν∇µξν)r+ , and ξµ = (1, 0, 0, 0) being the timelike Killing vector.
Their electric potential is
Φ ≡ At(r →∞)−At(r+) =
√
r−
(1 + a2)r+
eaϕ∞ . (II.5)
The action for the metric being Einstein-Hilbert’s, the entropy S of the black holes is the fourth of their horizon
area A+ :
S ≡ A+
4
= pir2+
(
1− r−
r+
) 2a2
1+a2
. (II.6)
As for the global charges associated to these solutions, that is their electric charge Q and mass M , they can be
obtained within various approaches, e.g. the Hamiltonian one as developped by Regge-Teitelboim [6] or the Lagrangian
one as developped by Katz [7, 8], see appendices A and B for the explicit computations. They are given by :
Q =
√
r+r−
1 + a2
e−aϕ∞ , (II.7a)
M =
1
2
(
r+ +
1− a2
1 + a2
r−
)
− a
1 + a2
ˆ
r−dϕ∞ . (II.7b)
As usual in scalar-tensor theories of gravity, M is the sum of the ADM mass and of a scalar contribution that is
integrable when given a relationship between r− and ϕ∞, see e.g. [9], [10] and references therein.
With all these definitions in hand, it is easily checked that the variations of S, Q, and M with respect to r+, r−
and ϕ∞, due to exchanges of electric charge or mass between the black hole and its environment, are such that the
first law of black hole thermodynamics,
TδS = δM − ΦδQ , (II.8)
is satisfied. This first law implies in particular that when the black hole does not exchange any mass (δM = 0) nor
charge (δQ = 0) with its environment, its entropy remains constant.
3III. SKELETONIZED BLACK HOLES
In order to address, e.g., the dynamics of a black hole inspiralling around a companion in Einstein-Maxwell-dilaton
theories, it was phenomenologically replaced in [1] by a point particle described by the following “skeleton” action:
Ipp[gµν , Aµ, ϕ, x
µ] = I −
ˆ
m(ϕ)ds + q
ˆ
Aµ dx
µ , (III.1)
where I is given in (II.1) and where ds =
√−gµνdxµdxν , xµ[s] being the worldline of the skeletonized black hole.
The “charge parameter” q is taken to be a constant in order to preserve the U(1) symmetry of the full action. As for
the scalar-field-sensitive, effective, “mass” function m(ϕ) (first introduced phenomenologically by Eardley [2]) it is a
function of the value of the scalar field at the location of the particle (substracting self divergent terms), created by
the faraway companion. The calculation of such mass functions is standard when the compact object is a neutron
star, see eg [11] and [12]. Let us recall here briefly how it was, for the first time, computed in [1] when the compact
object is the EMD black hole described in the previous section.
The field equations derived from (III.1) are the same as (II.2) but supplemented by point source terms. They
were solved in [1] in the rest frame of the particle and at linear order around a background solution consisting of
an asymptotically flat spacetime, a vector field which can be “gauged away” to zero, and an asymptotic scalar field
environment ϕ∞ that is imposed by the faraway companion. The solutions were then identified to the EMD black
hole solution (II.3) at leading, O (1/r), order to yield:
q =
√
r+r−
1 + a2
e−aϕ∞ , (III.2a)
m(ϕ∞) =
1
2
(
r+ +
1− a2
1 + a2
r−
)
, (III.2b)
dm
dϕ
(ϕ∞) =
a r−
1 + a2
. (III.2c)
Note that m(ϕ∞) is the ADM mass, which is now adiabatically varying due to the slowly orbiting companion.
The system (III.2) is integrable : indeed, expressing r+ and r− in terms of m and dm/dϕ using (III.2b) and (III.2c),
and injecting the result into (III.2a) gives the first order differential equation (omitting the ∞ subscript)
(
dm
dϕ
)(
m(ϕ) − 1− a
2
2a
dm
dϕ
)
=
a
2
q2e2aϕ , (III.3)
whose solution depends on the “charge” parameter q, together with another integration constant µ, which can be
tentatively called a “mass” parameter. For example, in the simple case a = 1, the solution is
m(ϕ) =
√
µ2 + q2
e2ϕ
2
. (III.4)
This is an example, found and studied in [1], of what can be called a hairy black hole “sensitivity”, in keeping with
the literature on neutron stars in scalar-tensor theories.
IV. THERMODYNAMICS VERSUS DYNAMICS OF EMD BLACK HOLES
Let us now see how the first law of thermodynamics, established in section II, justifies the proposed phenomenological
skeletonization of our black hole and provides an interpretation of the constants q and µ that characterize it.
Comparing (II.7a) and (III.2a) we first see that we must identify the constant q entering the skeleton action (III.1)
to the global electric charge Q of the black hole. The significance of this identification is that the dynamical evolution
of the skeletonized black hole is such that its charge remains constant, δQ = 0.
Second, the variation of the global black hole mass M , when interacting with its environment, follows from (II.7b)
and reads
δM =
1
2
δ
(
r+ +
1− a2
1 + a2
r−
)
− a r−
1 + a2
δϕ∞ , (IV.1)
4which is zero when taking into account (III.2b) and (III.2c). This means that the black hole mass remains constant
as well during its dynamical evolution, δM = 0.
Therefore, the phenomenological skeletonization of black holes proposed in (III.1) amounts to describing them as
remaining isolated when, for example, they orbit around a companion.
Finally, the first law (II.8) tells us that, since δQ = 0 and δM = 0, the entropy of the black hole remains constant as
well : S = const. Therefore, it must always be possible to define the parameter µ appearing in the “mass” function
m(ϕ) when integrating (III.3) as a function of the entropy S only. That this is indeed the case can be seen on the
simple example a = 1, for which m(ϕ) is explicitly given by (III.4), so that, from (III.2b) : µ2+ q2e2ϕ/2 = r2+/4, with
q = Q. Inverting then (II.6) and (II.7a) to express r+ in terms of Q and S, then yields µ
2 = S/4pi so that
m(ϕ) =
√
S
4pi
+Q2
e2ϕ
2
(case a = 1) . (IV.2)
Note that when r− = 0 (∀a) the black hole solution is Schwarzschild’s so that m(ϕ) is reduced, as it should, to
its (constant) mass m =
√
S/4pi = r+/2. The same is true in the Reissner-Nordstro¨m limit, a = 0, for which
m = (r+ + r−)/2. On the other hand, when a non-trivial scalar field is present, the phenomenologically, “Eardley-
inspired”, scalar-field-sensitive mass function m(ϕ) for black holes which was shown in [1] to satisfy (III.3) is in fact
justified by their thermodynamics, and the parameters q and µ become related to their global electric charge and
entropy.
V. CONCLUSION
The results above indicate that the conservative dynamics of a (hairy) black hole when skeletonized “a` la” Eardley,
as in (III.1), is generically such that it does not exchange energy (nor electric charge) with its environment. Therefore,
because of the first law of thermodynamics, the black hole adiabatically readjusts its equilibrium configuration in
such a way that its entropy (or area in the case at hand) remains constant. We conjecture that this fact holds in
any scalar-vector-tensor theory of gravity and that the scalar-field-sensitive mass functions attributed to skeletonized
black holes must guarantee that their Wald entropy [13] remains constant in their motion around their companion.
Of course, our results no longer apply in the late stages of a binary system coalescence. In particular, when the
period of the orbit becomes comparable to the readjustment time of a black hole, the adiabatic approximation breaks
down and the entropy must increase. Perhaps a way to capture this phenomenon could be to generalize our effective
point particle ansatz by introducing a more elaborate one depending for example on the four-gradient of the scalar
field as well [14]. We leave this to further work. Another extension of our work would be to see how spins can be
included.
Finally, the scalar environment of the black hole could be imposed by a time dependent cosmological environment,
rather than a faraway companion. Our results show that in that case as well, the readjustment of the black hole is
always such that, at the adiabatic approximation, its entropy remains constant.
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Appendix A: Global charges in a Hamiltonian framework
The Hamiltonian generator associated to the Lagrangian (II.1) reads
H
[
η⊥, ηi, η(A)
]
=
ˆ
d3x
(
η⊥H⊥ + ηiHi − η(A)G
)
+Q
[
η⊥, ηi, η(A)
]
. (A.1)
It is obtained from the standard ADM Hamiltonian (from which the eom can be deduced) by replacing the Lagrange
multipliers (that is, At together with the lapse N and shift N
i of the standard 1+3 decomposition of the metric) by
the asymptotic surface spacetime deformations η⊥, ηi, and the gauge parameter of the Abelian symmetry η(A).
5The constraints H⊥,Hi and G are given by :
H⊥ = 16pi√
γ
(
piijpiij − 1
2
(
piii
)2)−
√
γ
16pi
R(3) + 2pi
pi2ϕ√
γ
+
√
γ
8pi
∂iϕ∂iϕ− 2pie2aϕpi
ipii√
γ
+
√
γ
16pi
e−2aϕF ijFij , (A.2)
Hi = 2∇jpiji + piϕ∂iϕ+ pijFij , G = ∂ipii . (A.3)
Here γij is the spatial metric with determinant γ, scalar curvature R
(3) and covariant derivative ∇i, and the conjugate
momenta of γij , ϕ and Ai (with Fij = ∂iAj − ∂jAi and a dot representing time derivatives) are
piij = −
√
γ
16pi
(
Kij − γijK) where Kij = 1
2N
(∇iNj +∇jNi − γ˙ij) . (A.4)
piϕ =
√
γ
4piN
(
ϕ˙−N i∂iϕ
)
, pii = −
√
γe−2aϕ
4piN
(−γijF0j +N jγikFjk) . (A.5)
As for the variation δQ of the surface term Q, it is obtained by demanding that the on-shell variation of the Hamil-
tonian, with respect to the dynamical variables and η⊥, ηi, η(A), vanishes : δH = 0. We get δQ = δQg + δQϕ+ δQ(A)
with
δQg = lim
r→∞
1
16pi
ˆ
dSlG
ijkl
(
η⊥∇kδγij − ∂kη⊥δγij
)
+
ˆ
dSl
[
2ηkδpi
kl +
(
2ηkpijl − ηlpikj) δγjk] ,
with Gijkl =
1
2
√
γ
(
γikγjl + γilγjk − 2γijγkl) , (A.6)
δQφ = − lim
r→∞
ˆ
dSi
(√
γ
4pi
η⊥∂iϕδϕ+ ηipiϕδϕ
)
,
δQ(A) = − lim
r→∞
ˆ
dSi
[√
γ
4pi
η⊥e−2aϕF ijδAj +
(
ηipij − pijηi) δAj − η(A)δpii
]
.
For the black hole spacetimes (II.3), the timelike Killing vector is ξµ = (1, 0, 0, 0), so that the only deformation
parameters to consider are η(A) and
η⊥ = Nξt , (A.7)
(where N is 1 at infinity) and one finally obtains :
δQ = ξt
[
1
2
(
δr+ +
1− a2
1 + a2
δr−
)
− a r−
1 + a2
δϕ∞
]
− η(A)δ
(√
r+r−
1 + a2
e−aϕ∞
)
. (A.8)
In this approach, the variation δM of the mass is the coefficient of ξt, and the variation δQ of the electric charge is
the coefficient of −η(A), see [9]. Hence, integration yields
M =
1
2
(
r+ +
1− a2
1 + a2
r−
)
− a
1 + a2
ˆ
r−δϕ∞ , (A.9)
Q =
√
r+r−
1 + a2
e−aϕ∞ . (A.10)
Appendix B: Mass as a Noether charge
The Einstein-Maxwell-dilaton-Katz action is defined by
16pi IK =
ˆ
d4x
√−g (R− 2gµν∂µϕ∂νϕ− e−2aϕF 2)−
ˆ
d4x
√−g¯R¯+
ˆ
d4x∂µ
(
kˆµK + kˆ
µ
S
)
, (B.1)
where barred quantities refer to a reference spacetime that will be taken to be flat, see [10]. The last term is (a hat
meaning multiplication by
√−g)
kˆµK = −
(
gˆνρ∆µνρ − gˆµν∆ρνρ
)
with ∆µνρ = Γ
µ
νρ − Γ¯µνρ and kˆµS = A ∂ˆµϕ , (B.2)
where Γµνρ and Γ¯
µ
νρ are the Christoffel symbols associated to gµν and g¯µν and where A is an arbitrary constant.
6The variation of (B.1) with respect to the scalar field reads, on-shell:
16pi δϕIK =
ˆ
d4x∂µVˆ
µ
ϕ with Vˆ
µ
ϕ = −4(∂ˆµϕ)δϕ +A gˆµνδ(∂νϕ) . (B.3)
For the black hole family (II.3) we have, upon variation of the integration constants r+, r− and ϕ∞,
16pi δϕI
onshell
K = lim
r→∞
ˆ t2
t1
dt
ˆ
S2
dθ dφ Vˆ rϕ with Vˆ
r
ϕ =
a sin θ
1 + a2
(Aδr− − 4 r− δϕ∞) +O (1/r) . (B.4)
Imposing now that the variation of the action vanishes for the broadest possible family of black holes yields a
relationship between r− and ϕ∞:
Aδr− = 4 r− δϕ∞ . (B.5)
Note that no further conditions emerge from varying (B.1) with respect to gµν and Aµ; indeed one finds Vˆ
r
g = O(1/r)
and Vˆ rA = O(1/r) on shell, and at spatial infinity.
Finally, exploiting the invariance of (B.1) under diffeomorphisms, xµ → xµ + ξµ, one obtains “a` la Noether” a
conserved current jˆµ deriving from the generalized Katz-Bicak-Lynden-Bell (KBL) superpotential, see, e.g. [15]:
∂µjˆ
µ = 0 with jˆµ = ∂ν Jˆ
[µν] and 8piJˆ [µν] = ∇[µξˆν] −∇[µξˆν] + ξ[µkˆν]K + ξ[µkˆν]S . (B.6)
When spacetime is stationary, ξµ ≡ (1, 0, 0, 0) is the timelike Killing vector and the mass of the black hole (II.3) is
defined as
M = − lim
r→∞
ˆ
dθdφ Jˆ [0r] = MK +MS (B.7)
where MK =
1
2
(
r+ +
1− a2
1 + a2
r−
)
and MS = −A
4
a r−
1 + a2
.
Note that the Katz massMK coincides with the ADM mass. Finally,M is easily written independently of the constant
A, using (B.5) as:
M =
1
2
(
r+ +
1− a2
1 + a2
r−
)
− a
1 + a2
ˆ
r−dϕ∞ , (B.8)
which coincides with (A.9).
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